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ABSTRACT5

With the goal of matching spacecraft measurements from Juno and Galileo missions, we construct6

ensembles of 2, 3, 4, 5, and 6 layer models for Jupiter’s interior. All except our two layer models can7

match the planet’s gravity field as measured by the Juno spacecraft. We find, however, that some8

model types are more plausible than others. In the best three layer models, for example, the transition9

from molecular to metallic hydrogen needs to be at ∼500 GPa while theory and experiments place this10

transition at ∼100 GPa. Four layer models with a single sharp boundary between core and mantle11

would be short-lived due to rapid convective core erosion. For this reason, we favor our five layer12

models that include a dilute core surrounded by a stably stratified core transition layer. Six layer13

models with a small compact core are also possible but with an upper limit of 3 Earth masses for14

such a compact core. All models assume a 1 bar temperature of 166.1 K, employ physical equations of15

state, and are constructed with the nonperturbative Concentric Maclaurin Spheroid (CMS) method.16

We analyze the convergence of this method and describe technical steps that are needed to make this17

technique so efficient that ensembles of models can be generated.18

Keywords: Giant planets, Jupiter’s interior, gravity science19

1. INTRODUCTION20

The space missions Juno (Bolton et al. 2017) and Cassini (Spilker 2019) have provided us with a wealth of new21

data for Jupiter and Saturn, the two largest planets in our solar system. Multiple close flybys have determined the22

gravity fields of these planets with exquisite precision, far exceeding the earlier measurements by the Pioneer and23

Voyager missions (Campbell & Synnott 1985; Campbell & Anderson 1989). The earlier missions determined Jupiter24

gravity harmonics to be J2 = 14697 ± 1, J4 = −584 ± 5, and J6 = 31 ± 20 (all multiplied by 106 and adjusted to an25

equatorial radius of 71492 km) while today these coefficients are known to three orders of magnitude higher precision:26

J2 = 14696.5735±0.0017, J4 = −586.6085±0.0024, and J6 = 34.2007±0.0067 (Durante et al. 2020). This improvement27

has led to revision in the models of Jupiter’s interior required to match these gravity measurements. When interior28

models were only constrained by Jupiter’s mass, equatorial radius, J2 and J4, traditional three layer models for29

Jupiter’s interior sufficed (Stevenson 1982; Guillot 2005). These models typically included a compact core comprising30

up to 100% of heavy elements, presumably left over from the planet’s formation by core accretion (Bodenheimer &31

Pollack 1986). All these three layer models assumed Jupiter’s envelope to be inhomogeneous (Saumon & Guillot 2004;32

Militzer et al. 2008; Nettelmann et al. 2012), introducing a discontinuity in the helium or in the heavy elements fraction33

at some radius or pressure in the envelope. The motivation for the discontinuity was in part empirical because one34

needed an additional free parameter to match J4 while adjusting the core mass and heavy element fraction in the35

envelope enabled one to match the planet’s mass and J2. An exception were the homogeneous models reported by36

Militzer et al. (2008) who invoked deep differential rotation to match J4 instead. However, the required wind depth of37

∼10 000 km far exceeded values implied by Jupiter’s odd gravity harmonics (Kaspi et al. 2018) and typical magnetic38

field models (Christensen et al. 2020). Both these latter approaches favor a wind depth of ∼3000 km although an39

agreement has yet to be reached on precisely how the wind speeds decay with depth.40

A variety of model assumptions and techniques have been invoked to model Jupiter’s interior structure in the past. Ni41

(2018) combined the theory of figures (Zharkov & Trubitsyn 1978) with the approach by Anderson & Schubert (2007)42
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to adjust coe�cients of an empirical polynomial function that represents the Jupiter's interior density pro�le in order43

to match the Juno gravity measurements. Nettelmann et al. (2021) extended the ToF to technique to seventh order.44

Militzer & Hubbard (2023) constructed physical and abstract models of Jupiter's interior structure to demonstrate that45

the gravity coe�cients J2, J4 and J6 are su�cient to constrain Jupiter's moment of inertia very tightly. The physical46

models rely on realistic equations of state and assumptions for the compositions while abstract models represent the47

planet's interior by a small number of constant-density. Howard et al. (2023) studied the e�ects of various published48

equation of state (EOS) tables and also introduced an EOS modi�cation. Moll et al. (2017), M•uller et al. (2020), and49

Helled et al. (2022) studied the Jupiter's interior convection and the evolution of a primordial, compact core that was50

originally composed to 100% of heavy elements. Liu et al. (2019) investigated whether such a core could be diluted51

by a giant impact. Core dilution is plausible becauseab initio computer simulations have shown that all typical core52

materials such as water, silicates and iron are soluble in metallic hydrogen at megabar pressures (Wilson & Militzer53

2012a,b; Wahl et al. 2013; Gonzalez-Cataldo et al. 2014).54

Kerley (2004) �rst constructed a homogeneous baseline model to demonstrate that the pre-Juno gravity data cannot55

be matched unless the envelope is represented by at least two distinct layers. The need for Jupiter's envelope to be56

inhomogeneous was recently recon�rmed by Miguel et al. (2022). The original justi�cation for the inhomogeneity was a57

�rst-order phase transition from molecular to metallic hydrogen. However, ab initio computer simulations (Vorberger58

et al. 2010, 2012) have since shown that such a transition likely exists only at low temperature in hydrogen (Morales59

et al. 2010) while the temperatures in giant planet interiors are everywhere above the critical point so that molecular60

dissociation there occurs gradually. So this process by itself is insu�cient to cause an inhomogeneity. Alternatively, the61

phase separation of hydrogen-helium mixtures (Morales et al. 2013) has been considered but so far there is insu�cient62

evidence that the falling helium droplets will sequester any heavy elements besides neon (Wilson & Militzer 2010).63

In this article, we incorporate the nonperturbative concentric Maclaurin spheroid (CMS) method (Hubbard 2013)64

into a streamlined modeling procedure which achieves the high precision needed to exploitJuno constraints, while65

automatically matching basic constraints such as mass, equatorial radius, and low-degree zonal gravity harmonics.66

With Monte Carlo sampling (Militzer 2023a) we then e�ciently generate large numbers of models with increasing67

degrees of complexity. We construct models for Jupiter's interior assuming di�erent compositions and layered struc-68

tures. We invoke one consistent set of physical assumptions. We adopt one equation of state derived withab initio69

simulations (Militzer & Hubbard 2013) without introducing any corrections to lower its density, nor do we vary the70

temperature at 1 bar, 166.1 K measured by theGalileo entry probe (Niemann et al. 1998; Wong et al. 2004). This71

temperature value is also consistent with earlier radio occultation measurements by theVoyagerspacecraft that yielded72

a value of 165� 5 K (Lindal et al. 1981). These remote observations very recently re-analyzed by Gupta et al. (2022)73

who determined higher temperatures of 167� 4 and 170� 4 K for latitudes of 6 � S and 12� N respectively.74

We construct models that have between two and six layers as we illustrate in Fig. 1. We start from a reference model75

with �ve layers (Militzer et al. 2022) that contain an outer layer of molecular hydrogen, a helium rain layer, a layer76

of metallic hydrogen, a core transition layer, and a prominent dilute core in the center that may extend up to 60% of77

the planet's radius. We generate two types of four layer models by either eliminating the helium rain layer or the core78

transition layer from our �ve layer reference models. Six layer models are derived by inserting a compact core into79

the reference models. Under our model assumptions, we will demonstrate that such a compact core cannot be heavier80

than 3 Earth masses for the models to be compatible with Jupiter's gravity measurements. We also generate alternate81

types of �ve layer models by removing either the helium rain layer, metallic hydrogen layer, or the core transition82

layer.83

Finally we revisit the traditional three layer models and even try to construct two layer models with just a core and84

an homogeneous envelope. These two layer models do not �t the gravity �eld, while our three, four, �ve, and six layer85

models all do. Still some of these models are more plausible than others. For example, matching the gravity �eld86

with three layer models requires us to place a transition between a helium-depleted outer layer and an helium-enriched87

inner layer at a pressure of 500 GPa, which is incompatible with the physics of hydrogen-helium mixtures (Morales88

et al. 2013).89

This paper is organized as follows. In section 2, we describe our model assumptions and explain how we e�ciently90

converge on model solutions for the interior structure and winds that match the planet's radius, mass, gravity harmonic91

J2, and protosolar helium abundance. In section 3, we discuss the results for the di�erent model types. We show that92

two layer models are unable to matchJ4 and explain why three layer models need to have a molecular-to-metallic93

transition at � 500 GPa. We then analyze the properties of 4, 5, and 6 layer models. We describe how we place94
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constraints on the mass of the compact core and the helium distribution within the helium rain layer. We conclude95

with section 4.96

2. METHODS AND MODEL ASSUMPTIONS97

2.1. Methods for the Interior98

In this paper, we employ the CMS method to construct models of rapidly rotating giant planets that meet certain99

observational constraints such as planet mass, equatorial radius, helium content, etc. In principle one has two choices100

of how to meet such constraints because the CMS method essentially provides a way to converge onto a hydrostatic101

solution for a given pressure-density relationship by adjusting the shapes of all spheroids. One can then wait until the102

CMS method has converged, evaluate how well the constraints have been met, then vary certain model parameters,103

and restart the CMS procedure. Alternatively, one can adjust certain model parameters during the CMS convergence104

procedure so that certain criteria are met automatically as a hydrostatic solution is found. The latter method is obvi-105

ously much more e�cient because it typically does not increase the cost of the CMS procedure and more importantly,106

it reduces the number of dimensions of the parameter space that model optimization and Monte Carlo calculation need107

to explore. We now discuss how we converge onto a valid planetary interior model that satis�es a number of plausible108

constraints:109

(1) For that reason, almost all CMS calculations �x the equatorial radius a, assumed to have been measured with110

such high precision that its remaining uncertainty has a negligible e�ect on all computed planet properties. Here we111

usea = 71492 km (n.b. the error bar on a is � 4 km) and associate it with a pressure of 1 bar. (Conversely, in Wahl112

et al. (2021), the equatorial radius was varied during the CMS convergence in order to match the planet mass as113

models of speci�c exoplanets with di�erent rotation periods and oblatenesses were constructed.)114

(2a) Next we adjust the helium concentration in the interior so that the planet overall matches the protosolar115

hydrogen-helium fraction of ~Y0 � Y0=(X 0 + Y0) = 0 :2777 derived fromX 0 = 0 :7112 andY0 = 0 :2735 (Lodders 2010). In116

the outer molecular layer, we setY1=(X 1 + Y1) = 0 :2369 to be consistent with measurements of the Galileo entry probe,117

Y=(X + Y) = 0 :238� 0:005 (von Zahn et al. 1998). We assume the helium mass fraction~Y1 � Y1=(X 1 + Y1) remains118

constant in the molecular layer up to a pressurePrain ;1 and from Prain ;2 on, it is again constant at ~Y2 � Y2=(X 2 + Y2).119

In the helium rain layer from Prain ;1 to Prain ;2, we gradually switch from one value to the other as a function of log(P),120

~Y(P) = ~Y1 + F2(x)
h

~Y2 � ~Y1

i
(1)121

F2(x) = x � (2)122

x =
logP � logPrain ;1

logPrain ;2 � logPrain ;1
(3)123

The switching function, F2, represents the fraction of ~Y2 in the mixture and satis�es the expected values at the124

boundaries, F2(P = Prain ;1) = 0 and F2(P = Prain ;2) = 1. Besides representing a linear change from~Y1 to ~Y2 when125

� = 1, it introduces the option of having a large helium fraction from that layer being sequestered by setting� � 1126

or increasing the helium fraction in that layer by specifying � � 1. The simple form of Eq. 2 has the advantage that127

the average fraction across the helium rain layer is given by,128

hF2i =
Z 1

0
dx F2(x) = 1 =(1 + � ) : (4)129

(2b) Next we construct a spline function to represent the cumulative mass as a function of log(P) so that we can130

derive the mass fraction that is stored in the layer between two pressure values. The global helium fraction,h ~Y i , is131

given by132

h ~Y i = m1 ~Y1 + mrain ~Yrain + m2 ~Y2 ; (5)133

= [ m1 + mrain (1 � h F2i )] ~Y1 + [ mrain hF2i + m2] ~Y2 ; (6)134

where m1, mrain , and m2 represent the fractional masses of the three respective layers without the contributions from135

heavy elements. Eq. 6 enables us to adjust~Y2 so that the global helium abundance matches the protosolar value,136

h ~Y i = ~Y0.137
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Two layer model Three layer model Four layer model (A)

Four layer model (B) Reference model with �ve layers
(A)

Five layer model (B)

Five layer model (C) Five layer model (D) Six layer model

Figure 1. Illustration of our 2, 3, 4, 5 and 6 layer models in Tab. 1. At every layer boundary we specify the pressure,
temperature, and fractional volumetric radius. The collection of thin solid lines represent the core transition layer that may
surround the dilute core. In the center is our reference model with �ve layers. The two types of four layer models are generated
by removing either the helium rain or the core transition layers. The �ve layer models B, C, and D were obtained by removing
one layer one from the reference model while adding a compact core. Such a core was included in our �nal six layer model. It
also distinguishes our simpler two and three layer models.
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(3) Finally, we discuss how the CMS procedure can converge directly onto the exact mass andJ2 value of the planet.138

We decided to matchJ2 = (14696:5063� 0:0006)� 10� 6 exactly because it has been measured with exquisite precision.139

(As recommend by Durante et al. (2020), we do not include the tidal e�ects onJ2, estimated to be 6.72� 10� 8.) The140

planet mass has previously been matched by introducing an overall density scaling factor� (Militzer & Hubbard 2013)141

or by adjusting the density of a compact core represented by a single innermost spheroid (Wahl et al. 2017). Since our142

current set of models do not have a compact core or its mass is very small, it is no longer practical to match the planet's143

mass by adjusting the core mass. So we instead match the planet's mass andJ2 by simultaneously adjusting Z1 and Z2144

as the CMS method converges to a hydrostatic solution.Z1 is the mass fraction of heavy elements in the outer layers145

of the planet that we assume to be constant from the atmosphere to the beginning of the core transition layer. Here146

our assumptions di�er from those by Debras & Chabrier (2019) who matchedJ4 and J6 by assuming Jupiter's outer147

enveloped is not fully convective and that the concentration of heavy elements decreased with increasing pressure. In148

this work, Z2 is the mass fraction of heavy elements in the dilute core. In the core transition layer, we assumeZ to149

increase linearly as a function of log(P) from Z1 and Z2.150

We �nd that adjusting Z1 and Z2 to match M and J2 is much more e�cient than �rst adjusting Z1 to match the151

mass in an inner loop and then adjustingZ2 to match J2 in an outer loop. For example if a bisection procedure or152

Brent's method (Press et al. 2001) are employed as an outer loop to bring the deviationf (Z2) = J2(Z2) � J target
2153

to zero, one has to converge multiple CMS models, which is ine�cient. To start, one has to evaluatef (Z2) for two154

di�erent values of Z2 that yield f values of opposite signs beforeZ2 can be re�ned iteratively. This means that even if155

one already has a reasonably good starting value forZ2, one has to step away from it and construct another hydrostatic156

CMS solution for a secondZ2 value that is ultimately not needed. This is unnecessary and ine�cient. To avoid such157

unnecessary steps, we de�ne two following functions,158

f 1(Z1; Z2) � M (Z1; Z2) � M planet (7)159

f 2(Z1; Z2) � M (Z1; Z2) � J2(Z1; Z2) � M planet � J target
2 (8)160

and employ the Newton-Raphson method to adjustZ1 and Z2 while the CMS method converges to a hydrostatic161

solution that then matches M and J2 automatically. This approach requires us to compute the derivatives ofM and162

(MJ 2) with respect to Z1 and Z2, which we will explain in the following equations. (Alternatively, one may de�ne163

f 2(Z1; Z2) � J2(Z1; Z2) � J target
2 , which leads to iteration equations of similar complexity.)164

In rare cases, the Jacobian derivative matrix (see. Eq. A1) for a particular Newton-Raphson step cannot be inverted165

or the Newton-Raphson method starts oscillating between two states. If this happens we insert a 2Dregula falsi step166

to depart from such a pathological situation. Details of our regula falsi method are given in appendix A. We �nd that167

this combined approach works very well except in cases whenPrain ;1 and Prain ;2 exceed the central pressure of the168

planet and the variable Z2 becomes irrelevant so that we no longer have two independent variables to matchM and169

J2 simultaneously.170

Within the CMS method (Hubbard 2013), the planet's interior is represented by a series of nested spheroids indexed171

by j , each with volume Vj . The total mass is derived from,172

M =
X

j

� j (Vj � Vj +1 ) =
X

j

� j Vj ; (9)173

Vj =
2�
3

� 3
j

Z +1

� 1
d� � 3

j (� ) ; (10)174

where � j = � j � � j � 1 represents the density di�erence of spheroidj and next outer spheroid j � 1. Following Hubbard175

(2013), the shape function,� j (� ) � � j;k , is represented by a series of discrete quadrature points,� k = cos(� k ), where176

� k are colatitude values. The distance of the spheroid surface from the origin is given byr (� ) = � j � j (� ) where � j is177

the equatorial radius of spheroidj .178

In a similar fashion, one can derive an expression for the product (M � Jn ),179

(MJ n ) =
X

j

� j Ĵ j;n =
X

j

� j

�
Ĵ j;n � Ĵ j +1 ;n

�
(11)180

Ĵ j;n =
� 2�
3 + n

� n +3
j

Z +1

� 1
d� P n (� ) � n +3

j (� ) : (12)181
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The coe�cients ~J j;n from Hubbard (2013) are recovered through, ~J j;n = � j Ĵ j;n =(� n
j M ). The conventional gravity182

harmonics are obtained by183

Jn =
1

M

X

j

� j Ĵ j;n =
X

j

� n
j

~J j;n : (13)184

Equations 9 and 11 would enable us to determine the derivatives off 1 and f 2 with respect to Z1 and Z2 if we knew how185

the density, � ( ~Y ; Z), varied with the contents of helium and heavy elements. Following Hubbard & Militzer (2016),186

we invoke the additive volume rule to incorporate the heavy elements into our equation of state (Militzer & Hubbard187

2013; Militzer 2013), � � , that was computed for a single helium fraction,Y � , without any heavy elements (Y � � ~Y � ),188

� �

� ( ~Y ; Z)
= (1 � Z )A + Z

� �

� Z
with A =

(1 � ~Y) + ( ~Y � Y � ) � �

� He

1 � Y � : (14)189

� He is an EOS for pure helium (Militzer 2006, 2009; Militzer et al. 2021) that enables us to perturb the helium fraction190

from our standard value, Y � . We incorporate heavy elements in the envelope by following Hubbard & Militzer (2016)191

who conducted ab initio computer simulations of a solar-proportion mixture of H2O:CH4:NH3 and then represented192

the results by a function � Z =� � with that varies slowly pressure, which was found to be in agreement with later work193

by Soubiran & Militzer (2016).194

Equation 14 not only allows us to compute, � ( ~Y ; Z), it also makes the evaluation of d� ( ~Y ;Z )
dZ straightforward. It195

allows us to determine how the density of every layer� j in Eqs. 9 and 11 depends onZ and therefore gives us access196

to the derivatives of f 1 and f 2 that we need when we employ the Newton-Raphson iterations to match the planet's197

mass andJ2 by adjusting Z1 and Z2 as the CMS procedure converges to a hydrostatic solution.198

In Fig. 2, we describe our preferred way to e�ciently converge a CMS calculation. We start by setting up an199

optimized � grid (Militzer et al. 2019) that anchors the equatorial radii of all spheroids. All other spheroid points are200

adjusted so that an equipotential emerges. Based on an earlier CMS calculation for Jupiter, the� grid is chosen so201

that the corresponding density values fall on a logarithmic grid such that � (� j )=� (� j +1 ) =constant. This was shown202

to be a good choice (Militzer et al. 2019) and CMS results do not depend on the speci�cs of the earlier Jupiter model203

and there is no need to update the� grid iteratively.204

At the beginning of the main loop in Fig. 2, we use Newton's method to update the shapes of all spheroids� j;k205

(Hubbard 2013), which is the most time consuming step besides the wind calculations. If the shapes are far from206

equilibrium, it may happen that the updated shapes of two adjacent spheroids cross, which is unphysical. We detect207

such rare events and correct spheroid shapes. It may also happen that the shapes start oscillating between two states.208

When we detect this, we insert aregula falsi step.209

We perform the thermal wind calculations once in the main loop to update the target value forJ2 = J Juno
2 � J wind

2 .210

In the fast, inner loop we update the gravity coe�cients, Jn , spheroid densities� j and pressures,Pj , because these211

calculations are inexpensive and scale linearly with spheroid number. We also updateZ1, Z2, and Y2 as described212

above.213

If the model includes a compact core of prescribed mass, some additional steps are needed. First we derive a scale214

factor, f = ( mcurrent
core =mtarget

core ) � 1=3 and then scale the� grid inside the core region with � j = f � r core � (N l � j )=N core
l215

so that the equatorial radius of the outermost core spheroid becomesr (new)
core = f � r (old)

core . N core
l is the number of216

spheroids in the core whileN l is the total spheroid number. We also update the logarithmic� grid in the envelope so217

that it ends at the revised r (new)
core value.218

We �nd that our model predictions are not very sensitive to the assumed composition of a compact core because219

the density of typical core materials is much higher than that of hydrogen and helium, so it is primarily the mass220

of a compact core that matters. We still see some deviations when we compare models with a rocky compact core221

with models that assume a 50:50 rock-ice mixture. We follow Seager et al. (2007) when we adopt equations of state222

for the core materials but then complement it with more results from more recentab initio simulations (Militzer &223

Wilson 2010; Wilson & Militzer 2014; Gonzalez-Cataldo & Militzer 2023). For rock, we assume a terrestrial mixture224

of MgSiO3 and iron with an iron mass fraction of 32.5%. We represent the ice in the compact core by assuming a pure225

H2O composition.226

2.2. Assumptions for Model Ensembles227
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Figure 2. Our preferred technique to e�ciently converge onto a selfconsistent solution that includes a hydrostatic description
of the interior with the CMS method and a compatible wind model. It is novel that the planet's mass, J2 , and global helium
abundance are matched automatically as the calculation converges without a large computational overhead. Calculations of
spheroid shapes and the wind contributions to the Jn are performed only once in the main loop because they are rather expensive.
In the inner loop, the gravity coe�cients, densities, pressures, the helium fraction Y2 and heavy element abundancesZ1 and Z2

are updated more often because they scale linearly with spheroid number. If the model includes a compact core of a speci�c
mass target, the � grid is updated in the inner loop to match that. Besides converging the gravity coe�cients, Jn , other criteria
for mass, J2 , or the overall helium abundance may be employed to terminate the main loop.

We employ Monte Carlo methods (Militzer 2023a,b) to construct ensembles of Jupiter models by accepting and228

rejecting moves according to the exp(� � 2=2) function that combines the terms, � 2 = � 2
J + � 2

H� He + � 2
wind + � 2

guide . The229

�rst and most important term measures the deviations of even and odd gravity harmonics between model predictions230

and the Juno measurements (Durante et al. 2020),231

� 2
J =

10X

i =1

�
J model

i � J Juno
i

�J Juno
i

� 2

: (15)232
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